Let (M n , g) be an n-dimensional Riemannian manifold. In this paper, we derive a local gradient estimate for positive solutions of the porous medium equation
Introduction
In this paper we study the porous medium equation 
in Q R,T , where C = C(p, n) is a constant depending only on p and n.
In this paper, by introducing a new parameter and using a lemma in [], we generalize Theorem B as follows.
where K is a non-negative constant. Suppose that u is a positive solution to the porous medium equation
n) is a constant depending only on p and n.
As an application, we get the following Liouville type theorem.
Corollary . Let (M n , g) be an n-dimensional complete noncompact Riemannian manifold with non-negative Ricci curvature. Let u be a positive ancient solution to the porous medium equation (.) with
. Therefore, the results obtained in this paper generalize those of Zhu in [] .
, by simple calculations, it is easy to see that
We define
where β is a constant to be determined. Then we have
and hence
By virtue of (.) and (.),
where, in the second equality, we use the Ricci formula: where I n is an identity matrix.
Notice that
It follows from (.) that, for any constant ε,
where A ij = (v ij ) and e = ∇v/|∇v|. By virtue of Lemma ., we have
where
For the purpose of showing that the coefficient of v β- w  is positive, we minimize the function f (β, ε) by letting
. We first recall the well-known smooth cutoff function ψ which originated with Li and Yau [], satisfying the following:
The function ψ is decreasing as a radial function in the spatial variables.
Next we will apply the maximum principle to ψw in a closed set. Assume ψw achieves its maximum at the point (x  , t  ) and assume (ψw)(x  , t  ) >  (otherwise the proof is trivial), which implies t  > . Then at the point (x  , t  ) and (.) becomes
That is,
where we used the fact that  < v ≤ M and β ≤ ,
which gives at the point (x  , t  )
Notice that ψ =  in Q R/,T/ and w = Letting R → ∞, it follows that |∇v(x  , t  )| = . Since (x  , t  ) is arbitrary, we see that v is a constant. Hence, u is also constant from v = 
